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The path-integral approach to cosmology consists in the computation of transition amplitudes between states 
of the quantum geometry of the universe. In the past, the concrete computation of these transitions ampli- 
tudes has been performed in a perturbative regime, breaking the full general covariance of the theory. Here 
I present how it is possible to define a general covariant path integral in quantum cosmology, by relying on 
the most recent results of the canonical and covariant formulations of Loop Quantum Gravity. I present two 
strategies that have been implemented. The first starts from the full Spinfoam theory, i.e. the path-integral 
framework for Loop Quantum Gravity, and defines a cosmological system. This is not obtained from sym- 
metry reduced variables that are successively quantized, but directly considering the approximations that 
are characteristic of the full theory. The Spinfoam Cosmology obtained in this way includes quantum fluc- 
tuations beyond standard perturbation theory. The second strategy exploits the Hamiltonian constraint of 
Loop Quantum Cosmology, that is exponentiated in the formal expression of the usual path integral. The 
result is a general covariant path integral, that reproduces the form of the amplitude in the full Spinfoam 
theory. Therefore, this procedure connects the canonical and the covariant formalisms. 



Hamiltonian and path integral quantum mechanics are based respectively on the canonical and the co- 
variant quantizations. The two frameworks are complementary and the relation connecting one to the other 
is well understood. Things are more subtle when considering a general covariant system, where the further 
symmetry given by the invariance under diffeomorphism has to be implemented. 

In particular, the Hamiltonian operator is a constraint, whose non-polynomial structure results in a 
complicate action. Furthermore, the operator needs to be regularized and this introduces quantization 
ambiguities. In Loop Quantum Gravity there is an active research to define this operator (see for instance 
lH]) but there is not a final agreement on its definitive form. The situation is much more developed in Loop 
Quantum Cosmology, where the symmetry reduction simplifies this study and a well-behaving Hamiltonian 
constraint is available ^ . 

On the other hand, the path integral approach has the advantage to overcome these complications and 
the ambiguities. The quantum operators are replaced by c— numbers and the attention shifts to the meaning 
of the formula: 

' Dg e^-Z'^v^'*'"^. (1) 
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A striking interpretation of this integral as a sw7i over geometries was obtained by Ponzano and Regge 
in 1968 [?] in the simplified context of 3-dimensional Euclidean spacetime. The generalization to a 4- 
dimensional Lorentzian theory is due to Barrett and Crane [3 4| and has recently evolved into the present 
Spinfoam theory 15] IS El- A spinfoam is a 4-dimensional simplicial 2-complex C colored with spins jf and 
intertwiners i^, where the labels stand respectively the faces / and the edges e i.e. the 3-cells. This is the 
object that encodes the quantum geometry (Penrose's spin-geometry theorem). In Loop Quantum Gravity 
the transition amplitudes are obtained by summing over all the possible spinfoams. This corresponds to 
take the sum over the coloring jf and ig, the product of "face amplitude" Ylf <i{jf) and a product of vertex 
amplitudes JJ^ A„(je, that reads |[8l[9irroifm[T2ll 



Loop Quantum Gravity predicts a discrete spectrum for area and volume, therefore (|2]l is ultraviolet 
finite since there are no transplanckian degrees of freedom. The infrared behavior can be kept under 
control by considering the quantum-deformed version of this amplitude 1, 13l [T4l [TSl that is IR finite. The 
q-deformed model has the further propriety to describe the cosmological constant coupling lfT6l . The 
finiteness of (|2]) is also preserved if fermions and Yang Mills fields are coupled flTl. Finally, (|2]i is a 
discretization of the path integral for quantum gravity that approaches ([T]i when taking the semiclassical 
limit in a suitable wajQ. 

1 The spinfoam approach to cosmology 

Given the full spinfoam amplitude, this can be evaluated for a homogeneous isotropic geometry described 
by a finite number of degrees of freedom. One can therefore study quantum cosmology directly from the 
spinfoam formalism by associating a cosmological interpretation to this amplitude ifTSl . 

This can be obtained by exploiting the characteristic features of the theory. These are slightly different 
with the ones that we are used, because of the effects of the invariance under diffeomorphism. In particular, 
this allows to define the Hilbert space of the theory as (the limit for refinements of) a graph space. The 
graph is analogue to the lattice used in QCD, but now the lattice is a "coordinate" lattice where coordinates 
are gauges: the consequences are that taking the continuous limit there is no fixed point and no physical 
spacing of the lattice, therefore the lattice itself drops down. The concrete contribution of the graph is to 
provide a natural cut off of the infinite degrees of freedom of General Relativity, in the same manner that 
a finite number of particle in the infinite Fock space does in Quantum Field Theory. This is particularly 
meaningful in order to define a cosmological system. The graph truncation can be seen as an expansion 
in modes, where the full theory can be recovered adding this modes one by one starting from the lowest, 
i.e. the cosmological one. In fact the cosmological principle allows as to approximate the universe by 
describing it with just one degree of freedom (the scale factor) or few ones. In spinfoam cosmology, 
truncating the theory to a given graph choses how many degrees of freedom we want to describe. 

To fix the ideas, suppose to take a graph that corresponds to a triangulated 3-sphere and to compute the 
transition amplitude between a 3-sphere universe and a bigger 3-spere universe. These two graph has to be 
thought as the support of boundary states (T9\ and the amplitude we compute is a function of them. Diff- 
invariance dictates the need of boundary states, without whom we could not extract physical information 
from (|2]i inserting bulk operator, as usually done in QFT. 

Since we are interested in the semiclassical behavior of we can use semiclassical states. In Loop 
Quantum Gravity, these are coherent states valued in SU{2) Il20l 1211 l22l l23l l24l |25 1 . They have a nice 
geometrical interpretation in terms of the cellular decomposition dual to the graph considered, and in par- 
ticular they carry the information about the (intrinsic and extrinsic) curvature and the area. Coherent states 



More precisely Ay [je , iv ) approaches the exponential of the Regge action, which in turns approaches the action of GR. 




(2) 



V 



© 201 1 Universita degli Studi di Pavia 



Scientifica Acta 5, No. 1, Ph zz-zzz (201 1) 



3 



provides a further tool to do cosmology. In fact, it is possible to choose to peak them on a homogeneous 
and isotropic geometry, in a way that recovers the unique degree of freedom of the FLRW universe ll26l . 
Since these states are realized as superposition of states on the boundary of the spinfoam, they naturally 
bear all the quantum fluctuations around the geometry described. 

Given two boundary states of the (geometry of) the universe, we can compute the transition amplitude 
associated to them. In other words, we associate a dynamics to the kinematical states. This is given trough 
a vertex expansion, as usual in QFT. We assume that the first order would dominate the expansioifl At 
the first order, it is possible to study separately the probability of each state to arise from nothing (or to 
annihilate): this is exactly the same situation produced for the Hawking's no-boundary quantum states. 
This vertex amplitude, in the base of the coherent states of the geometry li28J . in the large-spin limit takes 
the form ||29l: 



This expression is a function of a unique complex variable z. The real part of z is proportional to the 
scale factor squared and the imaginary part to the extrinsic curvature. The t that appears in the exponential 
comes from the coherent states and represents their spread. The dependence on the graph for which the 
amplitude is calculated, reflected in the product over the £ links of the graph, can be reabsorbed once (O 
is normalized. Finally, Voj ^ is the volume associated to each node of the graph, and A is a parameter that 
yields the cosmological constant. 

The the transition amplitude obtained in this way results to be peaked on the correct classical solution, 
that satisfy the Friedmann equations. This has been proven non only for flat space, but also in presence 
of a cosmological constant |30|, finding back correctly De Sitter space in the classical limit. This results 
shows that it is possible to derive the Friedmann equation from the full covariant loop gravity, and give a 
further proof of the robustness of the vertex used, since it gives a good semiclassical limit. 

This calculation can also provide further understanding about the relation between the covariant and the 
canonical formalism. The transition amplitude can in fact be seen as a projector on the physical states. 
These are the states that satisfy the Hamiltonian constraint, therefore the transition amplitude should be 
annihilated by the Hamiltonin constraint. We find that the transition amplitude obtained is in fact annihi- 
lated by a certain operator In the large-distance approximation, where area on the cellular faces is larger 
than the Planck scale, we find that the classical expression for this operator turns out to be exactly the usual 
Hamiltonian constraint for the FLRW dynamics. 

2 A path integral for Loop Cosmology 

The relation between the canonical and the spinfoam languages can be studied in the simplified context of 
cosmology. The quantum dynamics of cosmology is well under control in the canonical loop quantization 
||2l because of the simplification coming from the symmetry reduction of homogeneity and isotropy. 
The idea Bli is to study ([T]i by inserting the simple Hamiltonian Ch of Loop Quantum Cosmology: 



where a is a group averaging parameter ll32l [33l [34l . The states on which the Hamiltonian constraint 
acts are quantum states of the geometry simply labelled by the total volume of the universe. The action 
of the Hamiltonian constraint derived from loop quantization is different from the usual Wheeler-deWitt 
expression: the operator is not a differential operator, but a difference operator When it acts on the volume 



The further orders have been started to be studied only very recently in [27] . 



Wy{z) - J2 YlC^je + 1) cxp[-2thje{je + 1) - izji - iXvoj^ ■ 
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states, it changes them by discrete steps. This crucial peculiarity allows to treat the transition amplitude 
preserving the full general covariancqj. 

This has been done for the flat FLRW [36| and Bianchi type I [371 cosmologies. In the first derivation 
of this path integral, a massless scalar field was included in the model for a double reason . First, it allows 
the theory to be straightforwardly deparametrized by treating it as an internal clock variable. Second, 
it acts as a regulator since the implicit integration over it turns distributional transition amplitudes into 
regular functions. This procedure, however, leads to spinfoam amplitudes that are nonlocal in time. A 
nonlocal spinfoam expansion can still be an effective computational tool, but does not match the structure 
of the spinfoam expression of the general theory (|2|i. In the spinfoam amplitude locality is a foundational 
principle and full covariance under the choice of clock-time variables is strictly implemented. 

For this reason the construction of this path integral has been studied maintaining the full covariance 
under the choice of clock-time variables, namely without deparametrizing the theory. The distributional 
aspect of the transition amplitudes can be kept under control by introducing a a regulator 6. The physical 
inner product obtained in this way is accurate up to some small error which vanishes as 5 — > 0. The 
idea of such a regulator was introduced in |38| for the case where the spectrum of the eigenvalues of the 
Hamiltonian constraint operator is discrete, but the regulator used there is not appropriate in the continuous 
case. Notice that the choice of the regulator is not trivial: in fact, it has been shown that not all of them 
leads to local amplitudes [39 1. 

The regularized (|4]i takes the form 



where each term can be put in correspondence with the ones in (|2]). The transitions can be identified with 
the vertices of the spinfoam, therefore the a sum over the number of transitions that is equivalent to the 
sum over two-complexes; the sequences of steps without transitions can be identified with the faces of the 
spinfoam, the?sum over the values of the volume is equivalent to the sum over colorings. This one-to- 
one correspondence shows that is possible to connect canonical and covariant formalism, at least in the 
simplified context of cosmology. 

This approach is different respect with Spinfoam Cosmology, but the two approaches should hopefully 
converge and help to understand how the standard Loop Quantum Cosmology can be embedded in the full 
theory. 

3 Comments and further developments 

The quest for a fully general covariant path integral beyond formal expressions is essential in cosmology 
for the study of the early universe and in particular for the understanding of structure formation. 

Spinfoam cosmology provides a viable framework to do concrete calculation in this context. Consider 
the boundary states chosen: these are homogeneous and isotropic, but they naturally includes quantum 
fluctuations. Moreover their Hilbert space contains more degrees of freedom than the isotropic and homo- 
geneous one BOllTTI : inhomogeneities and anisotropics can be therefore naturally taken into account. 

The study of the geometry of the early universe, at the so called Big Bounce, is a main motivation for 
this research program. In order to achieve it, we need to study the transition amplitude beyond the strong 
classical limit taken so far. Present investigations are now exploring how to do this in the spinor framework. 

The lesson of loop quantization have striking effects not only starting from the full spinfoam formal- 
ism, but also and particularly starting from cosmology. Loop Quantum Cosmology has akeady provided 
beautiful results, in particular singularity resolution: it stands as the most promising realization of the idea 



Notice that this was not the case for the treatment of the "wave function of the universe" of Hartle and Hawking and the works 
that followed (see for instance 1351 ). 



oo 




(5) 



(c) 201 1 Universita degli Studi di Pavia 



Scientifica Acta 5, No. 1, Ph zz-zzz (201 1) 



5 



of a non-singular bouncing universe. The applications of its Hamiltonian constraint to the old ideas of the 
"wave function of the universe" of Hartle and Hawking has been proven powerful: the path integral defined 
in this way is fully general covariant and match the expansion in the full spinfoam theory. Furthermore, 
this shows a possibility to connect the canonical and the covariant framework in Loop Quantum Gravity. 
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